Finite Math - Spring 2019
Lecture Notes - 2/14/2019

HOMEWORK
e Section 2.6 - 13, 16, 18, 26, 27, 30, 32, 61, 63, 65, 68

SECTION 2.6 - LOGARITHMIC FUNCTIONS

Before we can accurately talk about what logarithms are, let’s first remind our-
selves about inverse functions.

Inverse Functions. The inverse of a function is given by running the function

backwards. But when can we do this?

Consider the function f(z) = x?. If we run f backwards on the value 1, what
x-value do we get?

Since (1) = 1 and (—1)% = 1, we get two values when we run 22 backward! So

22 is not invertible.

This shows that not every function is invertible. To get the inverse of a function,
we need each range value to come from exactly one domain value. We call such
functions one-to-one.

If we have a one-to-one function

y = f(z)

we can form the inverse function by switching x and y and solving for y:

= fly) Ry = ).

Logarithms. We will focus on one particular inverse function: the inverse of
the function f(z) =" (b> 0, b # 1).

Definition 1 (Logarithm). The logarithm of base b is defined as the inverse of b*.
That 1s,

y=0b" <=z =log,y.
Since the domain and range switch when we take inverses, we have

function domain range
f(ZlZ) =0 (_007 OO) (07 OO)
f(z) =logy = ((1), o) | (=00,00)




Let’s look at one example of a graph of a logarithmic function.
Example 1. Sketch the graph of f(x) = logs x.

Solution.

Properties of Logarithms. Since logarithms are inverse to exponential
functions, we get some convenient properties for logarithms:

Property 1 (Properties of Logarithms). Let b, M, N > 0, b # 1, and p,z be real
numbers. Then

(1) log, 1 =0
(2) logyb =1
(3)



(4)
(5) logy, M N = logy, M + log, N

M
(6) log, N logy, M — log, N

(7)
(8) logy, M = logy N if and only if M = N

Properties 3 and 7 above are incredibly important to us as we will use them
frequently in the study of financial mathematics! Learn these properties well!!

The Natural Logarithm. Just as with exponential functions, if we choose
our base to be the number e, we get a special logarithm, the natural logarithm.

log,x =Inz.

We can actually rewrite a logarithm in any base in terms of In:

o _lnx
BT = Inb

(See the textbook for a proof of this.)
Using Properties of Logarithms and Exponents.

Example 2. Solve for x in the following equations:
(a) 7 = 26020
(b) 16 = 537
(c) 8000 = (x — 4)3



A quick reminder of different types of exponents:

—-n __ 1
® —a—n
1
e an = {/a

_aB = ¥a
e ai = (@) = a7 = (Ya)"
Example 3. Solve for x in the following equations:
(a) 75 = 25e™ "
(b) 42 = 72043
(c) 200 = (22 — 1)°

Solution.



Applications. Recall that exponential growth/decay models are of the form
A= ce.

Using the natural logarithm, we can solve for the rate of growth/decay, r, and the
time elapsed, t. Let’s see this in an example.

Example 4. The isotope carbon-14 has a half-life (the time it takes for the isotope
to decay to half of its original mass) of 5730 years.

(a) At what rate does carbon-14 decay?
(b) How long would it take for 90% of a chunk of carbon-14 to decay?

Solution.
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